This paper presents the development of a control system design to keep the spacecraft attitude at a prescribed sun vector. A bounded controller is proposed which utilizes the measured sun vector and spacecraft spin rates, and the control gains are model independent and can be tuned for individual axis. An adaptive control scheme is developed for control parameters to ensure closed-loop performance. To demonstrate the effectiveness of proposed controller, a spacecraft engaging the sun safe-hold is simulated.
and the references therein. The controllers presented in these works tend to be either model dependent or utilizing scalar gains, which may not be desirable in actual implementation, since the mass and inertia properties of the spacecraft are such that each axis may demand a different control gain for specific mission requirements. Therefore, in this paper we propose a bounded nonlinear PD-type controller, in which the control gains are model independent and can be chosen for individual axis. Finally, we demonstrate the use of the results by developing an adaptive scheme for control parameters to ensure closed-loop performance.
II. Spacecraft Dynamics
The angular momentum of the rigid body spacecraft in the inertial frame is given by
where J is the mass moment of inertia of the spacecraft, excluding the reaction wheels, and
is the angular velocity of spacecraft relative to the inertial frame. The total reaction wheel angular momentum relative to the inertial frame is described by
where T is the conversion matrix that transforms the reaction wheel spin axis to the spacecraft body fixed frame, I rw a matrix containing the reaction wheel's axial moment of inertia along its diagonal, and b ω rw * Research Scientist, Intelligent Systems Division, NASA Ames Research Center a vector containing reation wheel's spin rate relative to the body fixed frame. Therefore, the total angular momentum for the spacecraft system is the summation of the the spacecraft angular momentum given in Eq.
(1) and reaction wheel angular momentum given in Eq. (2), and is described by
where J a = J + T I rw T t . Note that in general the reaction wheel inertia is negligible compared to the spacecraft inertia, so in practice J a ≈ J.
Let τ ext denote the total external disturbance torque, and by setting the time derivative of Eq. (3) equal to the external disturbance torque, we obtain
Substituting Eq. (3) into above yields,
Let u = [τ x τ y τ z ] t be the internal control torque generated by the reaction wheels, then the equal and opposite torque will be applied to the spacecraft. Therefore, Eq. (5) can be rewritten as follows,
where the control torque u is defined by
where τ rw and h rw denote respectively the reaction wheel torque and angular momentum along its spin axis. Eq. (6) represents the dynamics of the spacecraft subject to the control and disturbance inputs. This equation along with the sun vector dynamics, which will be discussed in the sequel, form a complete equation of motion for spacecraft attitude control for the sun safe mode. The control torque u can be designed by following many available references, and once it is determined, we can solve Eq. (7) for both τ rw and h rw , which then become the commanded input to the reaction wheels. The development of reaction wheel model is not covered in this paper. Let S(t) be the measured unit sun vector relative to the body fixed frame at time t, i.e. S(t) = 1. Then, the time derivative of S(t) relative to the inertial frame, denoted as I dS dt , can be described by
where b dS dt denotes the time rate change of the sun vector S relative to the body fixed frame. Since the sun vector stays almost stationary in inertial frame, we deduce that
which describes the sun vector dynamics relative to the body fixed frame. Note that the sun vector S is determined by processing the on-board sun sensor data and the spacecraft rotational rate I ω b is obtained by processing the rate gyro data. As mentioned earlier, Eqs. (6) and (9) together completely describe the spacecraft attitude dynamics, and they are given as follows,
For sake of control development, we neglect the external disturbance τ ext , and use ω instead of
III. Design of Bounded Controllers
In actual control applications, the control effort is always limited. In the case of reaction wheels, depending on how they are configured, the generated reactional control torques may differ from one axis to another, but they are limited. In this paper, we propose a bounded PD-type nonlinear controller with an inner velocity loop which is commanded from an outer sun vector loop.
Let the measured sun vector S and the target sun vector S d be denoted as
and both S and S d are unit vectors. The sun vector error S e is calculated as the cross product of S and S d , i.e. S e = S × S d . If the spacecraft rotates about the error vector S e , then the sun vector S will be driven toward the target sun vector S d , hence the attitude error S e will be diminished. We propose the following bounded controller,
where
are positive definite matrices respectively denoting the attitude and rate control gains, and they are determined in the sequel. Tanh(·) is a vector of Sigmoid functions defined by
where (a x , a y , a z ) are positive scalars and represent the slopes of Sigmoid functions at the origin. Furthermore, they can be tuned to improve performance, if needed. Note that tanh(·) is hyperbolic function bounded by 1. Utilizing Eqs. (11) and (13), we can rewrite (12) as Based on the maximum torque of each reaction wheel and the number of reaction wheels and their placement onboard the spacecraft, the control torque authority at each axis in the body fixed frame can be
or in compact form,
In other words, the control vector u is always within the ellipsoid defined by (15), see Figure 2 . By substituting (14) into above and noting that both S and S d are unit vectors, we can derive that the control gains K p > 0 and K d > 0 must satisfy
It is left to show that the proposed bounded nonlinear controller (12) globally asymptotically stabilizes (10).
To prove this, we first substitute (12) into (10) to form a closed-loop system representation described by
In what follows, we prove that Σ c is globally asymptotically stable. Let
be a candidate Lyapunov function for Σ c , where K p > 0 is given in (12). Note that the function V ≥ 0 for all ω and S, and that V = 0 only at the equilibrium, ω = 0 and
, and the prove for global stability in this case is relatively straightforward. The time derivative of V (ω, S) is given bẏ
Now, substitute (17) into above, we obtaiṅ
for all ω and S. In attaining the above, we have applied the vector triple product identity and the fact that K d is a positive definite matrix and tanh(X) ≥ 0 if X ≥ 0 or tanh(X) < 0 if X < 0. To prove global asymptotic stability, we need to show thatV = 0 only at the equilibrium, ω = 0 and S = S d . From (19), we note thatV = 0 for all t ≥ 0 implies ω = 0 for all t ≥ 0, henceω = 0 for all t ≥ 0. Thus, from the second equation of (17), we note thatṠ = 0 for all t ≥ 0, which implies that S is a constant. Now, substitutinġ ω = 0 and ω = 0 into the first equation of (17) yields
which implies that the vector K p (S − S d ) and the measured sun vector S are in parallel. Hence, we can deduce that
where c is some constant. Since K p is invertible, we can rewrite the above as
where I is the 3 × 3 identity matrix. Since both S d and S are unit vectors, pre-multiplying (22) by S
Since (23) holds for all S = 1, we conclude that
hence A can be either I or −I. In other words, there are two equilibria, namely, S = S d and S = −S d . In what follows, we will show that S = −S d is not a stable equilibrium. Consider S = −S d , and at steady state the Lyapunov function converges to V ss (ω, S) = 2S
where < 1 is a small positive number. Then,
for > 0. This implies that when S is perturbed from −S d , V will continue to decrease. Hence, S = −S d is an unstable equilibrium. In space operations, since spacecraft is exposed to a number of environmental disturbance torques, spacecraft attitude will eventually converge to S = S d . Therefore, the function V given in (18) is indeed a Lyapunov function for Σ c . This completes the proof. It should be noted that the selection of (a x , a y , a z ) depends on the desired spacecraft performance for specific mission scenario. In the next, we present the adaptive control scheme for parameterā. 
IV. Adaptive Velocity Feedback Control
In practical two loop control design, the inner velocity feedback loop has wider bandwidth than the outer attitude/position loop, hence in comparison the velocity response is much faster. In particular, in the case of bounded controller proposed in (12), we can consider it running at two different time scales; slow and fast. The closed-loop stability has already been shown for both time scales, here we will focus on fast inner velocity loop and introduce an adaptive control scheme for improving performance; see Figure 3 .
For inner velocity loop, we examine the spacecraft dynamics at a short time duration, hence the velocity Sigmoid term in (12) can be approximated by a linear function. Letā = (a x , a y , a z ) be a function of time t and given byā (t) = a 0 +ã(t) ,
where a 0 = (a 1 , a 2 , a 3 ) and a i > 0 are some arbitrarily small numbers andã(t) = (ã x (t),ã y (t),ã z (t)) are adaptive parameters. Considering only the velocity feedback and very short time duration, the closed-loop system resulted from closing only the inner loop becomes
where τ is scaled from t indicating the 'fast' time scale andK d (τ ) is a diagonal matrix defined bỹ
Consider the following candidate Lyapunov function for (25),
where γ i are arbitrary positive numbers. Then, the time derivative of V along any solution of (25) is given byV
and if we choose the adaptive parameters asȧ
then we will have V < 0 for all ω = 0, and hence V is a Lyapunov function for (25). Therefore, the adaptive scheme for parameters (ã x ,ã y ,ã z ) are given by (26).
V. An Illustrative Example
The proposed sun safe-hold bounded controllers developed in the previous section is applied to a small spacecraft. The control objective is to align the solar panels with the sun vector in order to maximize the power. The moments of inertia (kg-m 2 ) of the spacecraft are chosen to be: I xx = 50, I yy = 70, and I zz = 100. The maximum reaction wheel torque is 30 mN-m, and there are four reaction wheels onboard the spacecraft and they are placed in a pyramid configuration with 45
• base angle. The initial spacecraft body rates are assumed to be ω ( Figures 4 and 5 show the simulation results with adaptive slope functionā(t), and Figures 6 to 7 the time history of adaptive parameters (ã x ,ã y ,ã z ). As can be seen that the adaptive parameters reach the steady state values, and these values seem to be appropriate for the inner velocity loop response.
VI. Summary
This paper presents the sun safe-hold control system design by taking into account of the limited control torque. A PD-type bounded nonlinear controller is proposed by utilizing matrix gains, instead of scalar gains. The global asymptotic stability for feedback-controlled system is proved by applying Lyapunov's 2nd method. By applying the time scale seperation between the sun vector attitude loop and velocity loop, an adaptive control scheme is proposed and the simulation results show the effectiveness of the design. 
